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Fig. 1. Turning damaged or discarded parts into high-value components unlocks hidden potential and gives waste a second life with purpose. Starting with the

initial worn Bearing model (green) and the target topologically optimized Bearing model (blue) (a), our computational framework generates process planning

solution aimed at maximizing material savings by reutilizing as much volume as possible while ensuring manufacturability. Excess material is removed via

subtractive manufacturing (b), and additional material is subsequently added through additive manufacturing (c) to obtain the target model. Compared to

fabricating the target model entirely using additive manufacturing, our remanufacturing process planning solution achieves material savings of up to 90%.

Remanufacturing effectively extends component lifespans by restoring used

or end-of-life parts to like-new or even superior conditions, with an emphasis

on maximizing reutilized material, especially for high-cost materials. Hybrid

manufacturing technology combines the capabilities of additive and subtrac-

tive manufacturing, with the ability to add and remove material, enabling it

to remanufacture complex shapes and is increasingly being applied in reman-

ufacturing. How to effectively plan the process of additive and subtractive

hybrid remanufacturing (ASHRM) to maximize material reutilization has

become a key focus of attention. However, current ASHRM process planning

methods lack strict consideration of collision-free constraints, hindering

practical application. This paper introduces a computational framework to

tackle ASHRM process planning for general shapes with strictly considering

these constraints. We separate global and local collision-free constraints,

∗corresponding author

Authors’ addresses: Fanchao Zhong, fanchaoz98@gmail.com, Shandong University,
Qingdao, China; Zhenmin Zhang, zhenminzhang.cn@gmail.com, Shandong University,
Qingdao, China; Liyuan Wang, 13011651855@163.com, Shandong University, Qingdao,
China; Xin Yan, io.yanxin@gmail.com, Shandong University, Jinan, China; Jikai Liu,
jikai_liu@sdu.edu.cn, Shandong University, Jinan, China; Lin Lu, lulin.linda@gmail.
com, Shandong University, Qingdao, China; Haisen Zhao, haisenzhao@sdu.edu.cn,
Shandong University, Qingdao, China.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than the
author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or
republish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.

© 2025 Copyright held by the owner/author(s). Publication rights licensed to ACM.
0730-0301/2025/12-ART190 $15.00
https://doi.org/10.1145/3763313

employing clipping planes and graph to tackle them respectively, ultimately

maximizing the reutilized volume while ensuring these constraints are sat-

isfied. Additionally, we also optimize the setup of the target model that is

conducive to maximizing the reutilized volume. Extensive experiments and

physical validations on a 5-axis hybrid manufacturing platform demonstrate

the effectiveness of our method across various 3D shapes, achieving an aver-

age material reutilization of 69% across 12 cases. Code is publicly available

at https://github.com/fanchao98/Waste-to-Value.
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1 INTRODUCTION

In the face of rising concerns about emissions, resource depletion,

and environmental sustainability, finding effective solutions for

worn, damaged, and discarded components is increasingly critical.

Remanufacturing technology has gained significant attention from

both industry and academia [D’Adamo and Rosa 2016; Sitcharangsie

et al. 2019]. Remanufacturing restores used or worn products to

like-new conditions or modifies their form to meet the performance

requirements of new products [Zheng et al. 2020]. Compared to
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Fig. 2. Typical applications of remanufacturing. (a),(b) The mold cores1

and impellers2 are prone to wear during use. Remanufacturing enables

localized repair, avoiding the replacement of the entire part and thus saving

significant costs. (c) Discarded parts3 can be remanufactured into new,

usable components, reducing inventory. (d) Heavy parts4 can be simplified

into lightweight, topology-optimized parts through remanufacturing.

manufacturing from scratch, remanufacturing reduces material, en-

ergy, and time losses, with the primary benefit of extending product

life and enhancing functionality by restoring used or damaged com-

ponents to a near-new condition. Remanufacturing offers significant

practical and impactful applications, including 1) part repair, 2) part

upgrading and retrofitting, 3) on-site manufacturing, and 4) waste

material reuse, providing significant market potential [Fofou et al.

2021]. Minimizing material waste is a primary goal in remanufactur-

ing, which is equivalent to maximizing reutilized volume [Paris

et al. 2018]. This objective is especially critical in industries such as

aerospace and molding, where high-cost materials are prevalent, as

illustrated in Figure 2. Notably, remanufactured metal components

can achieve mechanical strength close to that of new, monolithic

parts [Wilson et al. 2014].

Additive and subtractive hybrid manufacturing (ASHM) com-

bines additive manufacturing (AM) and subtractive manufacturing

(SM). It enables both material addition and removal, facilitating

the fabrication of geometrically complex models. ASHM is increas-

ingly applied in remanufacturing [Grzesik 2018; Hassanin 2021].

The basic process of additive and subtractive hybrid remanu-

facturing (ASHRM) is illustrated in Figure 3 (a)∼(c), where SM
removes excess material from initial model, and AM subsequently

adds additional material to the remaining material to achieve the

target model. We define the removed material as subtractive volume,

the additive material as additive volume and the remaining material

as reutilized volume5.

The key task in ASHRMprocess planning is to determine the three

types of volumes while aiming to maximize the reutilized volume.

This can initially be calculated through Boolean operations between

the initial and target models (Figure 3 (a)), where the intersection

resulting volume is the ideal reutilized volume, i.e., the maximum

achievable reutilized volume.

1https://scholarsmine.mst.edu/mec_aereng_facwork/911
2https://www.mmsonline.com/articles/using-hybrid-additive-manufacturing-ge-
leverages-turbine-blade-repair-into-efficiency-improvement
3https://www.materialise.com/en/industrial/3d-printing-technologies
4https://www.uprise3d.cn/cn_news/details-66.html
5removed material ∼ subtractive volume; additive material ∼ additive volume;
remaining material ∼ reutilized volume

Fig. 3. For a simple pair of initial and target models, using Boolean operation

categorize three type of volumes (a): subtractive volume (gray), additive

volume (orange), and ideal reutilized volume (green). The ASHRM process

can be completed by separately performing SM on the subtractive volume

andAMon the additive volume (b, c). However, formore complexmodel pairs

(d), collision-free constraints could be violated during the SM/AM processes

(e, f): the cutter and nozzle are inaccessible in the SM/AM processes.

Fig. 4. Transforming the right portion of the ideal reutilized volume into SM-

then-AM volume (light green in (a)) maximizes reutilization while ensuring

collision-free operations in both SM (b) and AM (c).

However, for complex models, the additive and subtractive vol-

umes often fail to satisfy the required SM/AM collision-free con-

straints, as shown in Figure 3 (d)∼(f). To address this issue, as shown
in Figure 4, part of the ideal reutilized volume has to be converted

into SM-then-AM volume (light green), which represents material

first removed by SM and then re-added by AM. The above process

can be formulated as a volume optimization problem, aiming to

maximize the "reutilized volume" (shown in dark green in Fig-

ure 4 (a)), defined as "ideal reutilized volume" - "SM-then-AM

volume", while ensuring that the reutilized volume satisfies

all collision-free constraints.

Ensuring collision-free operations throughout the manufactur-

ing process is essential for successful production. However, current

ASHRM process planning often neglects these constraints, increas-

ing the risk of collisions and manufacturing failures, especially for

complex models. The complexity of ASHRM process planning under

collision-free constraints arises from the following aspects:

1) Volume Optimization with Dynamic Constraints. The volume

optimization problem can be formulated as a generalized vari-

ational problem, aiming to find a volume density function that

maximizes the reutilized volume. Collision-free constraints

complicate the problem, as the reutilized volume acts as dy-

namic obstructions—once regions are removed, they are ex-

cluded from the constraints, causing the constraint terms to

evolve during optimization.

ACM Trans. Graph., Vol. 44, No. 6, Article 190. Publication date: December 2025.



Waste-to-Value: Reutilized Material Maximization for Additive and Subtractive Hybrid Remanufacturing • 190:3

2) Heterogeneous Collision-Free Constraints. Collision-free con-

straints are categorized as local (Figure 5) and global (Figure 3

(e, f)). Local constraints refer to collisions between the noz-

zle’s outlet and the initial printing base which belongs to

the reutilized volume surface. In contrast, global constraints

account for potential collisions between the entire cutter/noz-

zle assembly and the dynamically changing existing material.

This heterogeneity significantly enlarges the search space,

especially when the initial solution violates the constraints.

This paper presents a computational framework for ASHRM pro-

cess planning on general shapes, aiming to maximize reutilized

volume. To address the challenges associated with collision-free con-

straints, we propose two basic ideas: 1) The generalized variational

problem is reformulated as a combinatorial optimization problem

by introducing clipping planes. By optimizing their number and

poses to determine the reutilized volume, the original volumetric

density function is replaced, significantly reducing complexity. 2) A

two-stage approach is adopted, where local constraints are resolved

first through a finer, localized search, followed by a Monte Carlo

optimization to address global constraints.

We deploy our algorithm on 5-axis hybrid manufacturing plat-

form, utilizing 3+2 axis positional manufacturing strategy for both

SM and AM. Compared to simultaneous manufacturing6, positional

manufacturing reduces the complexity of process planning and

provides better stability during manufacturing.

In conclusion, the main contribution of this paper is the first

general computational framework for ASHRM process planning of

general shapes, aimed at maximizing reutilized volume while ensur-

ing that the reutilized volume satisfies all collision-free constraints.

In our experiment, we validate the effectiveness of our algorithm

on various 3D shapes. On average, 12 models save 69% of materials.

2 RELATED WORK

This section first reviews process planning approaches for ASHM

and ASHRM, outlines ASHRM applications, and then discusses vol-

ume optimization methods for manufacturing in computer graphics.

2.1 Process Planning for ASHM

Additive and Subtractive Hybrid Manufacturing (ASHM) combines

material addition and removal processes. Its process planning aims

to generate alternating additive and subtractive sequences to fabri-

cate the target model with smooth surfaces while satisfying collision-

free constraints using the fewest sequences possible [Dilberoglu

et al. 2021]. ASHM process planning has been explored for various

model types, including planar surfaces [Zhang et al. 2020], sym-

metric shapes [Chen and Frank 2019], columnar shapes [Chen et al.

2018], and general free-form 3D objects [Chen et al. 2025; Sun et al.

2024; Zhong et al. 2023b].

In addition to planar slicing strategies, recent studies have ex-

plored curved-layer additive manufacturing, often implemented

using multi-axis robotic arms [Liu et al. 2024, 2025; Zhang et al.

2022]. Such approaches can relax the local collision-free constraint

6Positional manufacturing: fixes the rotary axes before manufacturing, with only linear
axes active during the process. Simultaneous manufacturing: enables continuous and
coordinated motion of all axes during manufacturing.

by conforming the deposition path to the underlying surface. How-

ever, these methods require complex motion planning and special-

ized hardware, and their integration with subtractive operations in

ASHM remains challenging. For these reasons, our work focuses on

planar-layer strategies within the hybrid manufacturing framework.

Leveraging ASHM’s capability, this paper focuses on the SM-then-

AM hybrid manufacturing process that transforms an initial model

into a target model while maximizing the reutilized volume.

2.2 Process Planning for ASHRM

Existing studies on ASHRM process planning can be divided into

two groups oriented toward different model types: CAD models and

freeform models. For CAD models, most of studies address the pro-

cess planning problem based on manufacturing features extracted

from CAD models [Das et al. 2024; Zheng and Ahmad 2020a,b], in

which a graph is constructed to encode the relationships of manufac-

turing features [Paris et al. 2017], the initial-part features (IPFS) are

defined for the Re-Plan process planning in the proposed iAtrative

framework in [Newman et al. 2015]. However, these feature-based

approaches cannot be applied to freeform models due to the absence

of well-defined manufacturing features in freeformmodels, and they

also lack strict consideration of collision-free constraints.

For freeform models, only a limited number of studies have been

conducted so far. [Liu et al. 2020; Xu et al. 2024] integrate ASHRM

process planning within topology optimization but does not allow

specifying the target model. [Teibrich et al. 2015] achieves ASHRM

using a 3D printer enhanced with an additional machining module.

Although it considers global collision-free constraint, it does not

address local collision and relies solely on a simple greedy algorithm,

limiting its applicability to complex geometries. The latest work

[Ma et al. 2025] explores adaptive process planning for freeform

surfaces but still remains limited to simple height function surface.

To our knowledge, this work is the first to strictly consider collision-

free constraints in ASHRM process planning while being applicable

to general shapes.

2.3 Applications of ASHRM

In the realm of hybrid manufacturing systems for remanufacturing,

1) part repair is a crucial application, aimed at fixing damaged parts

using a subtractive process to generate a clean surface and an addi-

tive process to complete the repair work [Kanishka and Acherjee

2023; Liang et al. 2024; Ren et al. 2006; Zhang et al. 2018], especially

for critical industrial components, such as Turbine Blades [Jones et al.

2012; Qian et al. 2024; Wilson et al. 2014], and casting die [Zhang

et al. 2019; Zhang and Liou 2019]. The ASHRM process planning

for part repairing is relatively simple due to the high overlap be-

tween the initial and target parts. 2) Upgrading discarded parts using

ASHRM enables the transformation of waste parts into valuable,

application-specific components [Paris et al. 2017; Teibrich et al.

2015]. It can also be applied to the topology optimization of dis-

carded parts [Liu et al. 2020; Xu et al. 2024]. 3) ASHRM of spare

parts enables the rapid production of urgently needed target models

from stored simple initial models, such as cubic stock, which holds

great potential for applications in extreme environments [Chen and

Frank 2019; Kwon and Oh 2023].
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2.4 Volume Optimization for Manufacturing

As previously mentioned, the ASHRM process planning problem

can be reformulated as a specialized volume optimization problem

with manufacturing constraints. In the graphics domain, previous

studies have implemented various volume optimization techniques

tailored to specific manufacturing contexts. For example, large parts

are decomposed into smaller pieces to fit within the limited printing

space of 3D printers [Song et al. 2016]; multi-attribute inputs are

divided into assemblable and surface-conforming single-attribute

parts [Araújo et al. 2019]; shell thicknesses are refined to enhance the

stability of extrusion-based ceramics printing [Xing et al. 2021]; ge-

ometry modifications enable the printability of 3D trees for additive

manufacturing [Bo et al. 2017]; shell models are adjusted through

global deformation and local thickening to ensure structural stability

after fabrication [Xing et al. 2024]. Slight deformations of external

surfaces are introduced to ensure height-fieldness [Herholz et al.

2015], facilitating fabrication processes like injection molding that

relay on height-field surfaces.

While thesemethods optimize volumes for specificmanufacturing

scenarios, ASHRM requires simultaneous consideration of additive

and subtractive constraints, making volume optimization uniquely

complex.

3 OVERVIEW

Starting with𝑀 as the initial model and𝑀∗ as the target, our algo-
rithm first determines their relative pose and then aims to generate

a feasible process plan for remanufacturing𝑀∗ from𝑀 , while max-

imizing the reutilized volume. The resulting subtractive volume

and additive volumes should meet the manufacturing constraints

detailed in subsection 3.1. This section then presents an overview

of our algorithm (subsection 3.2).

3.1 Collision-free Constraints

Recall that we utilize the 3+2 axis positional strategies in both SM

and AM. This primarily necessitates avoiding collisions while re-

moving the subtractive volume (𝑉𝑆 ) and adding the additive volume

(𝑉𝐴), where the reutilized volume (𝑉𝑅 ) and fabrication base serve as

fixed "obstructions". Such collision-free requirements can be catego-

rized into two types: global collision-free constraint (additive and

subtractive accessibility) and local collision-free constraint (additive

plano-convex constraint).

Additive and subtractive accessibility constraint. This constraint

prevents potential global collisions between the manufacturing tool

(machining cutter or printing nozzle) and the dynamically changing

existing material, as illustrated in Figure 3 (e, f). For simplicity, the

terms additive and subtractive accessibility constraint are collec-

tively abbreviated as the accessibility constraint in the text below.

Additive plano-convex constraint. According to [Wu et al. 2020],

in the 3+2 positional strategy for additive manufacturing, the nozzle

must print on piecewise-plano and convex surfaces (Figure 5 (c))

to avoid local collisions (Figure 5 (a, b)). We therefore define the

additive plano-convex constraint to prevent collisions between the

nozzle outlet and initial printing base (B), i.e., the base surface where

printing starts.

Fig. 5. Illustration of the plano-convex constraint. The printing bases (purple

lines) between the reutilized volume and the additive volume. For a single

connected component, the base violates the piecewise-flat constraint in (a)

and the convex constraint in (b), respectively, while (c) illustrates a valid case.

For two connected components, "A" and "B", (d) shows a valid configuration.

In contrast, (e) violates the plano-convex constraint, which can be resolved

by introducing two clipping planes, as shown in (f).

In ASHRM, B denotes the contact surfaces between 𝑉𝑅 and 𝑉𝐴

(purple lines in Figure 5 (d)), on which both "A" and "B" satisfy the

plano-convex constraint. In the following, "plano-convex constraint"

is used as shorthand for "additive plano-convex constraint".

Infeasible initial printing base under plano-convex constraint. Let

𝑉𝑅 , 𝑉𝑆 , and 𝑉𝐴 represent the reutilized, subtractive, and additive

volumes, respectively, derived from the initial Boolean operation7.

As depicted in Figure 5 (e), the initial printing base B̃ of "A" and "B"

does not meet the plano-convex constraint. To resolve this, a set of

clipping planes are included to divide the ideal reutilized volume

into two sections, resulting that the new initial printing base of 𝑉𝑅

and 𝑉𝐴 are feasible to the plano-convex constraint; see Figure 5 (f).

3.2 Algorithm Overview

Asmentioned in the first basic idea in the introduction, we introduce

clipping planes to simplify the volume optimization problem, and

reformulated the optimization objective:

argmax
𝑣 (x)

∫
Ω
𝑣 (x) 𝑑x

s.t. 𝑔plano-convex (𝑉𝐴) = 0

𝑔accessibility (𝑉𝑆 ,𝑉𝐴) = 0

⇒

argmax
C

𝑉R (C)

s.t. 𝑔plano-convex (𝑉𝐴) = 0

𝑔accessibility (𝑉𝑆 ,𝑉𝐴) = 0

(1)

where C represents the set of clipping planes, 𝑣 (𝑥) represents a
continuous volumetric density function of the reutilized volume,

𝑉R (C) refers to the reutilized volume clipped by C and 𝑔(·) denotes
collision regions. Figure 6 illustrates our algorithm pipeline, with

the core two-stage algorithm as follows:

• Reutilized volume initialization. The clipping planes C are ini-

tialized by formulating a weighted set cover problem, which

narrows the task to a classical combinatorial optimization

and allows specialized algorithms to efficiently compute the

optimal solution, leading to a larger reutilized volume that

7𝑉𝑅 = 𝑀 ∩𝑀∗ ,𝑉𝑆 = 𝑀 − 𝑉𝑅 ,𝑉𝐴 = 𝑀∗ − 𝑉𝑅 .
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(a) (b) (c) (d) (e) (f)

Fig. 6. Overview of our ASHRM process planning framework. Starting with the initial model Snail and the target model Rabbit (a), we first rotate and

translate Rabbit to determine a setup that favors achieving the maximum fabricable reutilized volume (b). The three types of volumes are then computed

through Boolean operations (c). The framework employs a two-stage strategy. In the first stage (d), a set of clipping planes is initialized to partially clip the

ideal reutilized volume into SM-then-AM volume𝑉𝑇 (light green), ensuring that the remaining reutilized volume𝑉𝑅 (dark green) satisfies the plano-convex

constraint. In the second stage (e), the clipping planes are refined to maximize the reutilized volume𝑉𝑅 under both accessibility and plano-convex constraints.

Finally, the new subtractive volume𝑉𝑆 and additive volume𝑉𝐴 are decomposed into positional fabricable blocks for manufacturing (f).

adheres to the plano-convex constraint (Figure 6 (d), subsec-

tion 4.1).

• Reutilized volume maximization. The clipping planes are fur-

ther refined using Monte Carlo Tree Search (MCTS), which

can quickly explore the vast search space in combinatorial

optimization and uncover distribution patterns, to maximize

the reutilized volume (Figure 6 (e), subsection 4.2).

Pre-processing. Before the core algorithm, to enhance the proba-

bility of attaining a larger fabricable reutilized volume, the setup of

𝑀∗ relative to𝑀 is optimized through a coarse-to-fine strategy, as

illustrated in Figure 6 (b) and elaborated in section 5.

Post-processing. After determining the final reutilized volume

through the core algorithm, we introduce a postprocessing step to

generate 3+2 axis positional machining and printing blocks, as well

as tool paths for subtractive and additive manufacturing, as depicted

in Figure 6 (f) and detailed in section 6.

4 REUTILIZED VOLUME MAXIMIZATION

This section presents the proposed two-stage algorithm for max-

imizing the reutilized volume, illustrated with 2D examples for

clarity. For reference, Appendix A summarizes the key terms, and

Appendix E provides the algorithm’s pseudocode.

4.1 Reutilized Volume Initialization

In this stage, we consider only the plano-convex constraint and aim

to maximize the reutilized volume for an optimal initial feasible

reutilized volume. The key challenge here is to determine a set of

clipping planes that: 1) adhere to the plano-convex constraint and

2) yield the largest reutilized volume 𝑉𝑅 . Our approach involves ini-

tially creating candidate clipping planes and subsequently choosing

the best combination as C, resulting in a reutilized volume 𝑉C𝑅 .

Generation of candidate clipping planes. This step builds on the

initial printing base B̃. For each connected component 𝑏𝑖 ∈ B̃, we

generate 𝑁 candidate clipping planes. Each plane 𝑐̃𝑖, 𝑗 is defined
by a tuple 〈𝑛𝑖, 𝑗 , 𝑝𝑖, 𝑗 〉 (Figure 7 (a, b)), where 𝑛𝑖, 𝑗 is a normal vector

uniformly sampled from the upper hemisphere, and 𝑝𝑖, 𝑗 is the point

Fig. 7. Demonstration of reutilized volume optimization under the plano-

convex constraint. The initial printing base includes two connected compo-

nents "A" and "B" (a). For each sampled direction 𝑛𝑖 for "B", a point 𝑝𝑖,𝑗 is
identified to determine a candidate clipping plane (b). Clipping the ideal

reutilized volume with the blue candidate clipping plane yields a new print-

ing base B𝑖,𝑗 (c). The blue candidate clipping plane is associated with a

weighted set, where each element in the set represents a connected com-

ponent of the initial printing bases. The weight is defined as the volume

ratio of𝑉 𝑖,𝑗
𝑇 to 𝑉̃𝑅 (d). Each candidate clipping plane is associated with a

weighted set. Finally, two clipping planes (pink and blue) are selected from

the candidates by solving the weighted set cover problem (f).

on 𝑏𝑖 with the smallest projection distance to the fabrication base

(dark gray region in Figure 7) along 𝑛𝑖, 𝑗 .

Each 𝑐̃𝑖, 𝑗 produces a reutilized volume𝑉
𝑖, 𝑗
𝑅 and an additive volume

𝑉
𝑖, 𝑗
𝐴 , with the new initial printing base B𝑖, 𝑗 formed between them

(see Figure 7 (c)), thereby replacing the unfeasible initial printing

base 𝑏𝑖 . However, B𝑖, 𝑗 may still violate the plano-convex constraint

due to other infeasible connected components (purple line in Figure 7

(c)). Therefore, appropriate combinations of these candidates must

be selected to satisfy the plano-convex constraint.
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Selection of optimal clipping planes. In addition to satisfying the

plano-convex constraint, selecting an optimal combination of clip-

ping planes can further maximize the reutilized volume. While

clipping planes are generated for each infeasible connected compo-

nent 𝑏𝑖 ∈ B̃, some clipping planes may resolve multiple connected

components simultaneously. For instance, the red dashed clipping

plane in Figure 7 (e) resolves both "A" and "B", thus satisfying the

plano-convex constraint.

To resolve this, we present it as a weighted set cover problem

(WSCP) [Golab et al. 2015], which originally aims to find the least-

weight subset that fully covers the universal set. In our case, we

select a subset of clipping planes from the candidate clipping planes

to maximize the reutilized volume, while maintaining the plano-

convex constraint.

Specifically, we first assign a set 𝑠𝑖, 𝑗 to each 𝑐̃𝑖, 𝑗 , as shown in

Figure 7 (d). If 𝑏𝑘 and the fabrication base are on opposite sides of

𝑐̃𝑖, 𝑗 , we add 𝑏𝑘 to the set 𝑠𝑖, 𝑗 . Next, we assign a weight𝑊𝑖, 𝑗 = 1 −
𝑉𝑜𝑙𝑢𝑚𝑒 (𝑉 𝑖, 𝑗

𝑅 ) / 𝑉𝑜𝑙𝑢𝑚𝑒 (𝑉𝑅) to each 𝑐̃𝑖, 𝑗 . Then, we solve the WSCP

by integer linear programming to calculate the optimal solution:

min

𝑁∑
𝑖=1

𝑀∑
𝑗=1

𝑊𝑖, 𝑗 · 𝑍𝑖, 𝑗

s.t. 〈1〉 𝑍𝑖, 𝑗 ∈ {0, 1}, ∀𝑖 = 1, 2, . . . , 𝑁 , ∀𝑗 = 1, 2, . . . , 𝑀,

〈2〉
∑

𝑖′, 𝑗 ′ ∈𝐼𝑑𝑥 (𝑘 )
𝑍𝑖′, 𝑗 ′ ≥ 1, ∀𝑘 = 1, 2, . . . , 𝑀,

(2)

where 𝐼𝑑𝑥 (𝑘) = {𝑖′, 𝑗 ′ | 𝑘 ∈ 𝑠𝑖′, 𝑗 ′ , 1 ≤ 𝑖′ ≤ 𝑁, 1 ≤ 𝑗 ′ ≤ 𝑀}, which
represents the index of a set that contains a subset of element 𝑘 . 𝑍𝑖, 𝑗

is a binary integer variable for 𝑐̃𝑖, 𝑗 . In constraint 〈1〉, "1" indicates
selecting 𝑐̃𝑖, 𝑗 , while "0" indicates not selecting it. For constraint 〈2〉,
each initial printing base 𝑏𝑘 must be covered by at least one selected

clipping plane. We calculate the optimal solution through the GLPK

solver [Makhorin 2012], thereby selecting the clipping planes from

the candidates.

4.2 Reutilized Volume Maximization

The previous section introduces𝑉C𝑅 , which satisfies the plano-convex

constraint. Based on this, we further define:

𝑉C𝑇 = 𝑉𝑅 −𝑉C𝑅 , 𝑉C𝐴 = 𝑉𝐴 +𝑉C𝑇 , 𝑉C𝑆 = 𝑉𝑆 +𝑉C𝑇 . (3)

Here, 𝑉C𝑇 denotes the SM-then-AM volume, while 𝑉C𝐴 and 𝑉C𝑆 rep-

resent the updated additive and subtractive volumes, respectively.

This section incorporates the accessibility constraint and opti-

mizes the clipping planes C to maximize the reutilized volume 𝑉C𝑅 .

The main challenges comprise:

• How to determine if the AM process to realize 𝑉C𝐴 and the

SM process to carve 𝑉C𝑆 meet the accessibility constraint?

• How to transform 𝑉C𝑅 into a feasible reutilized volume while

complying with the accessibility constraint?

• How to maximize 𝑉C𝑅 by optimizing C while ensuring all

collision-free constraints?

Graph-based accessibility analysis. To resolve the first challenge,

we utilize a methodology akin to [Zhong et al. 2023b], implement-

ing accessibility analysis with a collision dependency graph 𝐺𝑐𝑑

to verify if 𝑉C𝐴 and 𝑉C𝑆 meet the accessibility constraint derived

directly from𝐺𝑐𝑑 , which simultaneously represents the SM and AM

stage accessibility constraints, constructed in preprocessing via a

geometric collision detection method.

The collision dependency graph streamlines accessibility con-

straint verification, completely avoiding geometric collision detec-

tion while op-

timizing𝑉C𝑅 . For

given 𝑉C𝑇 , 𝑉C𝐴 ,

and 𝑉C𝑆 , first

update the ini-

tial𝐺𝑐𝑑 by removing all nodes within𝑉C𝑇 (brown nodes in the inset)

along with their edges. Then, verify accessibility by checking that

no non-accessible nodes remain in the resulting graph. Appendix B

provides details for reconstructing the collision dependency graph.

The main difference from [Zhong et al. 2023b] involves sampling

points from three volume types (𝑉C𝑇 , 𝑉C𝐴 , and 𝑉C𝑆 ).

Feasible reutilized volume transformation. To transform 𝑉C𝑅 into

a feasible reutilized volume under the accessibility constraint, an

iterative method is applied. Each clipping plane 𝑐𝑖 ∈ C is shifted

along its normal 𝑛𝑖 using an

adaptive step, set to 30% of the

shortest projection distance

along 𝑛𝑖 to the fabrication

base (dark gray area). After

each iteration, the accessibility constraint is evaluated via the colli-

sion dependency graph (𝐺𝑐𝑑 ). All clipping planes in C are translated

iteratively in sync until a feasible reutilized volume is achieved with

the final positions of the clipping planes.

Reutilized volume maximization. Given the reutilized volume of

𝑉C𝑅 and the associated clipping planes C from the previous step,

this step seeks to maximize 𝑉C𝑅 by refining C and maintaining all

collision-free constraints.

As discussed in subsection 3.1, each clipping plane is an infinite

3D plane that partitions 𝑉𝑅 into two regions. Such global clipping

method limits the potential to maximize reutilized volume by re-

fining these clipping planes. To overcome this, we convert each

global clipping plane

∀𝑐𝑖 ∈ C into a set of

local clipping planes

C
𝐿 = 𝑐𝐿1 , 𝑐

𝐿
2 , . . ., each

of which clips only a local region of 𝑉𝑅 and is represented as a

quadrilateral on the 3D plane. The inset figure shows the blue plane

split into two local planes, in red and yellow.

As shown in the inset, locally refining the clipping planes of C𝐿

can effectively enlarge the resulting reutilized volume. However,

each local clipping plane varies considerably in pose, and since

refinement must satisfy all collision-free constraints, optimally con-

figuring them to maximize reutilized volume is non-trivial.

To address this problem, we apply a Monte Carlo Tree Search

(MCTS) which excels at handling large search spaces. Specifically,

we determine the pose (including normal vector and original point)
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of each 𝑐𝐿𝑖 through four standard iterative stages in the MCTS pro-

cess: selection, expansion, simulation, and back-propagation. We

briefly introduce the structure of the Monte Carlo Tree: Each layer

represents a local clipping plane 𝑐𝐿𝑖 , with the number of layers equal

to |C𝐿 |. Each node contains a state and two values (left and right).

The state represents the normal and original point of 𝑐𝐿𝑖 , while the
left and right values correspond to the reward and the number of

selections, respectively.

During the MCTS process, we still use the collision dependency

graph (𝐺𝑐𝑑 ) to assess the accessibility constraint of the generated re-

utilized volume during local refinement ofC𝐿 . The reutilized volume

obtained through clip-

ping with C𝐿 is de-

noted by 𝑉C
𝐿

𝑅 . The

inset figure presents

three reutilized volumes 𝑉C
𝐿

𝑅 obtained from different MCTS itera-

tions. When the MCTS iterations reach the threshold, the search is

terminated, and the C𝐿 that produce the largest 𝑉C
𝐿

𝑅 which satis-

fies the accessibility and plano-convex constraints are selected as

the final solution. Appendix C provides more details for the MCTS

process.

5 SETUP DETERMINATION

The above algorithm relies on the setup determination of 𝑀 and

𝑀∗. In this section, we describe the setup algorithm used for pre-

processing.

A model’s setup denotes its orientation and position, adjustable

by rotation and translation. The relative setup between𝑀 and𝑀∗ di-
rectly affects the subsequent maximization of the reutilized volume,

where an appropriate setup can yield a larger volume. Unfortunately,

simply maximizing the volume of𝑉𝑅 does not guarantee an optimal

setup, as collision-free constraints may lead to a smaller 𝑉C
𝐿

𝑅 even

when 𝑉𝑅 is large. For example, in Figure 8, the 𝑉𝑅 in (a) is larger

than that in (b), but the calculated 𝑉C
𝐿

𝑅 is smaller.

In our setup strategy, we decouple rotation and translation and

use a coarse-to-fine evaluation method to determine the setup of

𝑀∗, while keeping the setup of 𝑀 fixed, aiming to identify the

setup of 𝑀∗ that is more likely to maximize the final calculated

𝑉C
𝐿

𝑅 . In the coarse stage, each rotation of 𝑀∗ is evaluated using

the first estimating function, which combines the volume of the

initial reutilized region 𝑉𝑅 with a term encouraging 𝑀∗ to adopt

an upright orientation rather than lying flat, as this tends to place

the printing bases at a higher position. The five highest-scoring

rotations are then selected. In the fine-tuning stage, the translation

of𝑀∗ is adjusted for these five fixed rotations, with each translation

evaluated using the second estimating function. This function again

considers 𝑉𝑅 but further incorporates geometric cues, including the

relative heights of the printing bases and the height of 𝑉𝑅 , to favor

setups that leave more feasible space for clipping planes and thus

lead to larger𝑉C
𝐿

𝑅 . Finally, the setup of𝑀∗ with the highest score is

selected. The detailed formulations of the two estimating functions

and additional technical considerations are provided in Appendix D.

(a) (b)

Fig. 8. Demonstration of how different setups affect the computed 𝑉 C
𝐿

𝑅 .

Dark gray indicates the fabrication base. (a) The setup of 𝑀∗ maximizes

the volume of𝑉𝑅 . However, to satisfy the plano-convex constraint, a large

portion of𝑉𝑅 is clipped into the SM-then-AM volume, resulting in a smaller

𝑉 C
𝐿

𝑅 . (b) This setup yields a larger𝑉 C
𝐿

𝑅 compared to (a).

(a) (b) (c)

Fig. 9. Illustration of post-processing. The numbers indicate the order. (a):

Decompose𝑉𝑆 into three subtractive accessible blocks along different SM

directions. (b): Decompose𝑉𝐴 into self-supporting positional blocks using

local clipping planes; collision occurs between the nozzle and printed block

(A1). (c): Further decompose A1 using the method from [Zhong et al. 2023a]

to satisfy collision-free constraints.

6 MANUFACTURABLE BLOCKS DECOMPOSITION

After determining𝑉C
𝐿

𝑅 , the new subtractive volume is𝑉𝑆 = 𝑉𝑆 +𝑉𝑇 ,
and the new additive volume is 𝑉𝐴 = 𝑉𝐴 +𝑉𝑇 . This section outlines

the post-processing steps following the core algorithm (section 4).

The goal is to decompose 𝑉𝑆 and 𝑉𝐴 into positional manufacturable

blocks, where each one can be processed via SM/AM according to

one direction while satisfying collision-free constraints.

Subtractive blocks decomposition. The only manufacturing con-

straint in SM is the accessibility constraint. At this stage, since the

entire surface of 𝑉𝑆 satisfies the global collision-free constraint, i.e.,

is cutter-accessible, 𝑉𝑆 can be fully decomposed with accessible SM

directions. Firstly, we use UG-NX software [SIEMENS 2016] to gen-

erate positional rough machining blocks along the four directions

of the (+/-) X/Y axes, and then generate positional finish machining

cutter paths based on these four directions. These orthogonal direc-

tions efficiently cover most of the volumes of 𝑉𝑆 . For the remaining

inaccessible volumes, we calculate additional accessible directions

and further decompose them using UG-NX. Figure 9 (a) shows the

subtractive positional block decomposition results for a 2D case.

Additive blocks decomposition. Each local clipping plane 𝑐𝐿𝑖 ∈ C𝐿

is applied sequentially to clip 𝑉C
𝐿

𝑅 , producing additive blocks. To

avoid material waste from support structures, each 𝑐𝐿𝑖 is treated as a

printing base to further decompose the blocks into self-supporting

ones, following [Wu et al. 2020]. However, since we did not consider

collisions caused by 𝑉C
𝐿

𝑅 itself, collisions may still occur between
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blocks at this stage (Figure 9 (b)). To address this issue, the method

of [Zhong et al. 2023a] is adopted to further decompose these blocks

into collision-free ones. Specifically, we slice each block along its

printing direction, perform collision detection with other slice layers

of each block, and build a directed graph to record the collision

dependency relationships. Then, we perform topological sorting

on the nodes to further decompose each block, ensuring they are

collision-free, as shown in Figure 9 (c).

Toolpath generation. Finally, we reverse the sequences of these

subtractive/additive blocks and input them and their directions to

the UG-NX software to generate SM/AM toolpaths.

7 RESULTS AND DISCUSSIONS

This section presents the results of applying our ASHRM process

planning to 3D models with varying geometric complexities, along

with the corresponding simulative and physical evaluations. We

assess the algorithm’s efficiency across various parameter settings,

conduct ablation studies, compare it with other strategies, and dis-

cuss failure cases, manufacturing time optimization, and scalability

for complex models.

7.1 Implementation and parameters

The algorithm was implemented in C++, using CGAL [Fabri and

Pion 2009], Libigl [Jacobson et al. 2018], and Eigen [Guennebaud

et al. 2010] for geometric processing. It was executed on a PCwith an

Intel Core i7-11700F CPU and 16GB of memory. The source code is

publicly accessible at https://github.com/fanchao98/Waste-to-Value.

Additional implementation parameters include a ball-end cutter

with a 13 mm shank length and 3 mm diameter, and a nozzle with a

10 mm length and 9 mm diameter, following [Zhong et al. 2023b].

Collision detection used 100 sampled directions for both AM and

SM. In subsection 4.1, 100 uniformly sampled normal directions

were evaluated, while subsection 4.2 employed an MCTS with 500

iterations. The self-supporting threshold for AM positional blocks

was set to 50° in section 6.

7.2 Computational results

Examples and statistics. Figure 1 and Figure 10 present the compu-

tational outcomes of our algorithm applied to 12 different 3Dmodels,

grouped into four categories of remanufacturing applications: 1)

Model Repairing (Figure 1): Repairing a damaged workpiece, up-

dating it to a new or improved one. 2) Model Scaling (first two

models in Figure 10): Scaling down a large model into a smaller

one. 3) Remanufacturing of Spare Parts (third to sixth models

in Figure 10): Remanufacturing spare parts with simple geometries

into target workpieces in resource-limited environments. 4) Type

Transformation (seventh to last models in Figure 10): Transform-

ing an existing 3D model into a significantly different shape, such as

a duck evolving into a swan or a frog turning into a prince. Figure 11

demonstrates the subtractive and additive positional manufacturing

processes, which satisfies all the manufacturing constraints.

Table 1 presents the statistics for all 12 models. In general, the

final reutilized volume (RV) largely depends on the accessibility

of the cutter/nozzle and the configuration of the initial printing

base. When 𝑉𝑅 is accessible by both the cutter and nozzle, and

Fig. 10. Computational results gallery of our algorithm. 11 pairs of ASHRM

models are arranged in the order of 1 Hand-Hand, 2 Coral-Coral, 3

Cuboid-Bracket, 4 Trapezium-Holder, 5 Cylinder-Opener, 6 Cylinder-

Impeller, 7 Sculpture-Sculpture, 8 Frog-Prince, 9 Bunny-Cow, 10 Duck-

Swan, 11 Tree-Tree. The seven columns of each pair respectively demon-

strate: 1) the initial model 𝑀 and the target model 𝑀∗; 2) three types of
volumes 𝑉𝑆 (gray), 𝑉𝐴 (orange), 𝑉𝑅 (green) with the determined setup of

𝑀∗; 3) the SM and AM inaccessible points (red and blue) in𝑉𝑅 ; 4) the𝑉 C𝑅
(green) obtained by subsection 4.1, compared to the initial printing bases

(purple); 5) the refined 𝑉 C
𝐿

𝑅 obtained by subsection 4.2, compared to the

initial printing bases (purple); 6) the simulated positional rough machining

results; 7) the additive positional blocks decomposition results.

Fig. 11. Illustration of the positional SM and AM processes. In the SM

process, excess material is removed from the initial Duck model through

rough machining, followed by finishing steps to produce 𝑉 C
𝐿

𝑅 , with each

machining step constrained to a fixed direction. The AM process then adds

material along two additive directions on𝑉 C
𝐿

𝑅 to complete the fabrication

of the Swan model.

the initial printing base are flat and positioned at the top of 𝑉𝑅 ,

the final reutilized volume closely approximates 𝑉𝑅 , as seen in the
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Table 1. Statistics of the models shown in the paper. 𝑆𝑖𝑧𝑒 represents the size

of 𝑀∗ (length × width × height, mm) after its setup is determined. 𝐵 is the

ratio of the minimum Z-value of the additive bases to the height of 𝑀 after

determining the setup of 𝑀∗. #𝑃𝑆 and #𝑃𝐴 indicates the number of SM and

AM inaccessible points on𝑉𝑅 , respectively. 𝑅𝑉 is the volume ratio of𝑉𝑅 to

𝑀∗. 𝑅𝐼 is the volume ratio of𝑉 C𝑅 to𝑀∗ after reutilized volume initialization.

#𝐶𝑏 and #𝐶𝑎 are the number of global and local clipping planes, respectively.

𝑅𝐹 is the final volume ratio of𝑉 C
𝐿

𝑅 to 𝑀∗. #𝐵𝑆 and #𝐵𝐴 are the number of

subtractive and additive positional blocks.

Sec. 4.1 Sec. 4.2 Sec. 6

Model Size 𝐵 #𝑃𝑆 #𝑃𝐴 𝑅𝑉 𝑅𝐼 #𝐶𝑏 #𝐶𝑎 𝑅𝐹 #𝐵𝑆 #𝐵𝐴

Bearing 51×40×34 0.51 0 5 0.98 0.89 2 2 0.90 7 2

Hand 56×33×77 0.31 23 167 0.91 0.77 1 2 0.80 5 3

Coral 44×39×53 0.41 2 57 0.92 0.63 2 6 0.62 8 5

Bracket 104×108×57 1.00 5 0 0.55 0.53 1 3 0.51 5 4

Holder 46×109×58 1.00 8 0 0.77 0.75 1 2 0.37 5 1

Opener 48×46×191 0.94 7 0 0.54 0.55 3 3 0.52 6 3

Impeller 74×74×35 1.00 48 0 0.92 0.91 1 1 0.74 9 7

Sculpture 29×28×46 0.26 0 3 0.98 0.66 4 5 0.69 4 5

Prince 10×10×33 0.89 0 0 0.78 0.75 2 2 0.75 5 2

Cow 49×34×46 0.57 0 0 0.74 0.73 1 1 0.73 4 1

Swan 49×41×53 0.43 21 3 0.87 0.73 1 2 0.75 6 2

Tree 42×41×55 0.49 7 0 0.93 0.93 7 12 0.85 7 8

Bunny-Cow case (𝑅𝐹 = 0.73, 𝑅𝑉 = 0.74). Conversely, when 𝑉𝑅 has

a complex geometry with initial printing base located on its sides,

additional volumes must undergo SM followed by AM to satisfy

collision-free constraints. For example, in the Duck-Swan case, the

swan’s head requires SM-then-AM to meet accessibility constraint.

On the other hand, our general framework is capable of handling

a wide range of models, from simple ones like the Frog-Prince to

geometrically complex ones such as the Tree-Tree, which features

numerous branches. The use of local clipping planes allows for finer

clipping, thereby increasing material reutilization.

Computing time. Our algorithm requires an average of 8 minutes

to process the 12 test models. Table 2 details the time consumption

for each step of the algorithm. The MCTS process (Sec. 4.2) is identi-

fied as the primary bottleneck. While redundant collision detection

is reduced by updating and referencing the collision dependency

graph𝐺𝑐𝑑 , significant time is still needed to update connected com-

ponents, perform localized mesh clipping, and adjust 𝐺𝑐𝑑 during

MCTS iterations.

Large-scale random testing. To further evaluate the robustness

of our algorithm, we randomly paired manifold mesh models from

Thingi10K [Zhou and Jacobson 2016] and a classical graphics model

repository [Jacobson 2020] as initial and target models. Figure 12

presents 50 successful cases.

When the initial and target models are similar in geometry and

size, it is easier to retain a high reutilized volume (left example).

However, randomly paired models often exhibit substantial differ-

ences in geometry and size (middle example), making it difficult to

identify a setup that yields a large 𝑅𝑉 . Moreover, collision-free con-

straints can further reduce the reutilized volume, especially when

Table 2. The program running time (second) of the algorithm steps described

in each section.𝑇 is the total running time (minute).

Model Sec. 4.1 Sec. 4.2 Sec. 5 Sec. 6 𝑇
Bearing 13 203 166 2 6.4
Hand 21 565 215 5 13.4
Coral 68 169 114 4 5.9
Bracket 8 457 111 4 9.7
Holder 10 238 92 5 5.8
Opener 27 439 145 81 11.5
Impeller 8 547 197 37 13.2
Sculpture 37 258 195 6 8.3
Prince 9 9 205 2 3.8
Cow 2 6 63 1 1.2
Swan 21 420 178 8 10.5
Tree 51 106 157 8 5.4

Fig. 12. Demonstration of large-scale random testing. In all cases, the initial

and target models were randomly paired. The red and blue curves represent

𝑅𝑉 and 𝑅𝐹 , respectively, as defined in Table 1.

Fig. 13. Illustration of the cutter length (horizontal-axis) effect for the vol-

ume of 𝑉 C
𝐿

𝑅 (vertical-axis). The red points indicate the SM inaccessible

points in𝑉𝑅 , and the green models indicate the final determined𝑉 C
𝐿

𝑅 .

geometric differences are pronounced (right example), leading to a

significant drop from 𝑅𝑉 to 𝑅𝐹 .

Cutter size effect. The tool size directly influences the accessibility

constraint, which subsequently determines the size of reutilized

volume. As shown in Figure 13, we tested our algorithm’s ability to

generate the expected 𝑉C
𝐿

𝑅 by varying the cutter size. The results

indicate that a longer cutter allows for a larger 𝑉C
𝐿

𝑅 due to easier

accessibility. This experiment demonstrates that our algorithm ef-

fectively adapts to different cutter sizes to produce the desired 𝑉C
𝐿

𝑅 .
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(a) (b) (c)

Fig. 14. Comparison with other reutilized volume maximization strategies.

"V" indicates the volume. Blue indicates the results of other strategies, while

green represents ours. Top: Tree-Tree case; Bottom: Cuboid-Bracket case.

(a) Top-down strategy: after determining the clipping planes by solving

Equation 2, all planes are sequentially offset until the reutilized volume

satisfies both plano-convex and accessibility constraints. (b) Bottom-up

strategy: starting from an empty volume, a single clipping plane is iteratively

applied to optimize the reutilized volume while ensuring both collision-free

constraints are met at each iteration. (c) Our two-stage strategy achieves

the largest reutilized volume that satisfies all constraints in both cases.

(a) (b) (c)

Fig. 15. Comparison of WSCP solving methods. "#C" is the number of clip-

ping planes. The figure illustrates three approaches for solving the weighted

set cover problem, each producing a corresponding reutilized volume𝑉 C𝑅 .

(a) Select a single clipping plane that covers all printing bases with the

minimum weight. (b) Use a greedy iterative approach to select the lowest-

weight clipping plane for each component’s printing base, repeating until

full coverage. (c) Apply our integer linear programming strategy to compute

the optimal solution.

7.3 Comparisons and Ablation

Comparison of reutilized volumemaximization strategies. To demon-

strate the efficiency of our two-stage approach, we conduct a com-

parison experiment with other strategies, as shown in Figure 14.

Given the same runtime, the top-down strategy (a) employs global

clipping planes, leading to an inefficient search. Conversely, the

bottom-up strategy (b) uses a single clipping plane to optimize

reutilized volume, but its vast search space lowers efficiency.

Comparison of WSCP solving methods. We compare three methods

for solving the weighted set cover problem in subsection 4.1, as

shown in Figure 15. When using only one clipping plane (a), a large

Fig. 16. Comparison of MCTS strategies. Blue and green indicate the results

of random strategy and our MCTS approach, respectively. Each point corre-

sponds to a specific set of posed local clipping planes and their resulting

𝑉 C
𝐿

𝑅 . If𝑉 C
𝐿

𝑅 violates collision-free constraints, its volume is set to 0 in the

figure. The curves are obtained using an exponential smoothing function

𝑉𝑡 = 0.02∗𝑋𝑡 +0.98∗𝑉𝑡−1, where𝑉𝑡 denotes the smoothed value at iteration

𝑡 and 𝑋𝑡 is the recorded value at iteration 𝑡 . These curves provide a rough
indication of the search efficiency, noting that the ‘horizontal line’ with

volume = 0 is in fact composed of a stack of points.

portion of 𝑉𝑅 is translated to SM-then-AM volume to meet plano-

convex constraint. In the greedy method (b), although it uses plenty

of clipping planes, it fails to find the optimal solution, leaving amuch

smaller reutilized volume compared to our method. In contrast, our

approach preserves the largest reutilized volume.

Comparison of MCTS strategies. In subsection 4.2, we perform

MCTS to determine the poses of the local clipping planes. The effi-

ciency of the search is enhanced by the UCB function (Equation 5),

which guides the selection process within MCTS. We conducted

a comparison experiment to verify the effectiveness of our UCB

function. As shown by the blue line and points in Figure 16, the

random search strategy is inefficient, with most searched poses of

clipping planes failing to produce 𝑉C
𝐿

𝑅 satisfying the collision-free

constraints. In contrast, our strategy (green in Figure 16) identifies

valid poses more effectively by prioritizing those that generate a

larger 𝑉C
𝐿

𝑅 while satisfying collision-free constraints.

Ablation experiment of setup strategy. Our algorithm determines

the setup of𝑀∗ by a rough estimate (section 5). Figure 17 shows an

ablation experiment of the estimate strategy, where we separately

disregarded the consideration of two terms in both Equation 7 and

Equation 8. In the volume-only strategy (a), although 𝑉𝑅 achieves

the maximum volume, a large portion of 𝑉𝑅 translate to SM-then-

AM volume to satisfy the plano-convex constraint. In contrast, the

plano-convex-only strategy (c) results in a smaller 𝑉𝑅 and a corre-

spondingly smaller𝑉C𝑅 . Our method balances these two approaches,

yielding a 𝑉𝑅 with considerable volume while maximizing 𝑉C𝑅 .

Comparison of setup strategies. To further demonstrate the advan-

tage of our setup strategy, we compare it with the denser-sampling

joint optimization method on the first six model pairs from the

gallery, as shown in Figure 18. While the joint optimization slightly

outperforms ours on the Coral-Coral case, it fails on the Hand-Hand
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(a) (b) (c) (d)

Fig. 17. Ablation experiment of setup strategy. 𝛼 and 𝜎 respectively indicate

the volume ratio of 𝑉𝑅 and 𝑉 C𝑅 to 𝑀∗. (a) Volume-only strategy: set 𝑤1 =
1, 𝑤2 = 0 in Equation 7 and Equation 8. (b) Plano-convex-only strategy: set

𝑤1 = 0, 𝑤2 = 1. (c) and (d) show our trade-off strategy with 𝑤1 = 0.4 and
𝑤2 = 0.6, resulting in a larger𝑉 C𝑅 compared to the previous strategies.

Fig. 18. Comparison of setup methods. We adopt a coarse-to-fine strategy

(green) to decouple rotation and translation. The joint optimization method

(blue) simultaneously optimizes rotation and translation, using denser sam-

pling (double density) with Equation 8 as the evaluation function.

case—without considering the ‘stand up’ heuristic in Equation 7, it

selects a tilted setup that creates a narrow subtractive inaccessible

region (red circle), resulting in zero reutilized volume. Moreover,

our setup strategy is far more efficient in computation time.

7.4 Simulative and Physical experiments

ASHM machine setting. Limited by the availability of existing

5-axis ASHM machines—particularly the highly expensive metal-

based machines—we conducted physical experimental verification

using a 5-axis ASHM machine modified from a typical desktop 5-

axis CNC machine (YORNEW Benchtop 5-axis CNC MX220), as

instructed in [Zhong et al. 2023b]. Due to the modified machine’s

inability to achieve high-temperature sintering for metal AM, we

were unable to use metal materials for verification. However, this

limitation does not affect the validation of the SM/AM toolpaths

generated by our algorithm, as they still satisfy the manufacturing

constraints when tested with PLA materials. The inset figure shows

the modified ASHM machine, which features a machining space of

220mm × 120mm × 200mm.

Further details

about the machine

can be found in

[Zhong et al. 2023b].

Additionally, we in-

corporated a re-

traction function

into the additive

module. Details of the modifications are provided in Appendix F.

(a) (b) (c) (d) (e)

Fig. 19. Simulations in Unigraphics-NX. In the SM stage, NX generates

collision-free rough machining toolpaths based on the given direction (a),

the simulated result shows noticeable surface deviations from the target

model (b), and further finish machining is applied to smooth the surface

and achieve high precision (c). In the AM stage, collision-free AM toolpaths

are generated (d), resulting in the complete simulated target model (e).

Simulative validation. As mentioned in section 6, we generate

SM (rough and finish machining) and AM toolpaths by the software

UG-NX. For the input AM blocks, we perform the contour-parallel

path, set the path width to 0.5 mm and the layer thickness to 0.2 mm,

and take 30% filling rate. For the SM blocks, we first take the deep

cavity milling strategy to rough machining with 0.2 mm residual

height. Then we perform area milling to finish the workpiece.

Figure 19 presents the simulation results of two examples (Bearing

and Sculpture) in NX. With automatic collision detection enabled,

the toolpaths consistently satisfy the collision-free constraints, vali-

dating the effectiveness of our algorithm. All examples in Figure 10

passed NX’s SM and AM simulation tests, with the sixth column

displaying the rough machining results from the NX simulation.

Manufacturing validation. We used the toolpaths generated dur-

ing the simulation stage for manufacturing. Figure 20 shows two of

our manufacturing results. Compared with pure AM, our method

significantly reduces material usage (by 90% and 69%). The accom-

panying video demonstrates the entire manufacturing process for

the two models.

However, as the first work to perform physical verification for

general models, our manufacturing results still exhibit several no-

ticeable defects (see the zoomed-in figure in Figure 20): 1) Apparent

seam lines between blocks (red frame): Printing discontinuities re-

sult in visible seam lines between additive manufacturing positional

blocks. Modifications to the machine have also caused misalignment

of the rotary axis, exacerbating this defect. 2) Poor surface quality

of AM blocks (blue frame): Surface quality issues arise from the

precision limitations of additive manufacturing and the staircase

effect caused by layer-by-layer printing. Additionally, unstable ex-

trusion from the additive modules of our equipment further worsens

this defect. We added an SM process after AM to finish the surface,

where the machining directions are generated using the method

described in section 6, further improving the manufacturing quality

of the remanufactured part (the fourth column of Figure 20).

Comparison with various manufacturing strategies. As shown in

Figure 21, the pure AM strategy (a) wastes 9 times more mate-

rial compared to our ASHRM approach. On the contrast, the pure
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Fig. 20. The fabrication results of repairing the broken Bearing into a new

topology-optimized one (top row), and transforming the existing Sculpture

to another radically different shape (bottom row). Each row contains four

columns representing: 1) the initial model; 2) the reutilized volume 𝑉 C
𝐿

𝑅
after SM; 3) the target model after AM; 4) further perform finishing on the

surface of the additive volume through SM, yielding a model with high

surface quality. Imperfect equipment and the staircase of AM result in

defects at the block interfaces and model surface (red and blue frames).

Fig. 21. Comparison of various manufacturing strategies: (a) Pure AM: fabri-

cating the target model 𝑀∗ solely through additive manufacturing. (b) Pure

SM: removing excess material from the initial model 𝑀 exclusively using

subtractive manufacturing. (c) Glue: individually printing each connected

component of the additive volume𝑉 C
𝐿

𝑅 , then assembling them by gluing to

𝑉 C
𝐿

𝑅 . (d) Our ASHRM strategy.

SM strategy (b) avoids additional material consumption but leads

to incomplete regions in the model. Another potential approach,

separately printing AM components and gluing them together (c),

introduces manual processes, resulting in 1) challenges in ensuring

accurate positioning and 2) increased time and labor demands.

7.5 Discussion and limitations

Shapes with highly overlapping surfaces. Our methodology em-

ploys Boolean operations from CGAL [Fabri and Pion 2009] to de-

compose meshes𝑀 and𝑀∗ into three volume types. However, a key

limitation arises when𝑀 and𝑀∗ have highly overlapping surfaces,

such as when they differ by only a single hole. In such cases, Boolean

operations can become error-

prone due to difficulties in accu-

rately defining boundaries, lead-

ing to ambiguous results, as

shown in the inset figure. Even

Fig. 22. Illustration of the impact of triangle mesh quantity in the target

model (Sculpture) on running time. From (a) to (d), we count the total runtime

time𝑇 (minutes) of our algorithm with varying numbers of faces (#Facets).

recently proposed robust Boolean operation methods cannot solve

it [Trettner et al. 2022]. To address this problem, one could manually

segment the volumes to avoid Boolean operations on highly similar

meshes or develop a specialized algorithm to handle these complex

cases.

Optimizing manufacturing time. Our algorithm prioritizes mate-

rial savings and does not currently optimize positional block decom-

position or tool paths with regard to manufacturing time. A straight-

forward improvement would involve adjusting the post-processing

algorithm to minimize the number of blocks. Alternatively, inte-

grating this objective into the algorithm itself could be considered,

though it would require a strategy to balance minimizing blocks

with maximizing reutilized volume.

Algorithmic scalability. Geometrically complex models often re-

quire more triangle faces to capture intricate details. To evaluate

how this affects algorithm runtime, we conducted an experiment

measuring runtime against the number of triangle faces. As shown

in Figure 22, the runtime of our algorithm scales approximately

linearly with the number of faces. Consequently, models with ex-

tremely high numbers of faces may require several hours to process.

The extended runtime is mainly due to intensive geometric opera-

tions, such as Boolean operations. Implementing faster geometric

processing methods could significantly enhance the performance

of our algorithm. Notably, thin-shell models [Xing et al. 2024] face

extra loading challenges in additive and subtractive hybrid manu-

facturing, which remain underexplored. Our algorithm applies only

to watertight solid models.

8 CONCLUSION AND FUTURE WORK

This paper presents the first computational framework for ASHRM

process planning on general shapes, explicitly enforcing collision-

free constraints and aiming to maximize reutilized volume. We

adopt a two-stage approach to handle collision-free constraints, in-

troducing clipping planes to address local constraint and a collision

dependency graph to manage global constraints. The effectiveness

of our algorithm is demonstrated across a variety of 3D shapes,

and its efficiency in tackling the ASHRM process planning prob-

lem is validated through physical experiments, simulations, and

computational evaluations.

This work offers meaningful progress in ASHRM process plan-

ning, yet several critical aspects remain unexplored andmerit further

study: 1) Incorporating multiple SM-AM sequences to further en-

large the reutilized volume, and add additional SM steps after each

ACM Trans. Graph., Vol. 44, No. 6, Article 190. Publication date: December 2025.



Waste-to-Value: Reutilized Material Maximization for Additive and Subtractive Hybrid Remanufacturing • 190:13

AM step to finish the model surface, ensuring high surface quality.

2) Replacing the current sampling-based orientation strategy with

continuous optimization by transforming discrete Boolean opera-

tions into continuous ones, such as those achieved using a fuzzy

logic strategy. 3) Accommodating slightly concave initial printing

base. Although flat initial printing bases are theoretically required

to avoid collisions, minor collisions caused by slightly concave inter-

faces may be acceptable in practice, significantly easing the restric-

tions imposed by the plano-convex constraint. However, extensive

experiments are needed to determine the tolerable degree of con-

cavity and to design a new algorithm that satisfies this constraint.

4) Replacing the current positional manufacturing with simultane-

ous manufacturing could bypass the plano-convex constraint and

overcome the inability of [Wu et al. 2020]’s method to strictly en-

sure self-supporting, though it further increases the complexity of

process planning. 5) Extension to ASHRM machines with different

DOFs, requiring minor algorithm adjustments such as restricting

clipping planes to the horizontal direction for 3-DOF systems. 6)

Enhancing the MCTS strategy using deep reinforcement learning.

The primary challenge lies in obtaining high-quality training data

and achieving robust generalization performance.
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A TERMINOLOGY LIST

Table 3. This table lists and clarifies all symbols used in our algorithm.

Symbol Significance Usage

𝑀 initial model Section 3

𝑀∗ target model Section 3

𝑉𝑅 ideal reutilized volume Section 3

𝑉𝑆 initial subtractive volume Section 3

𝑉𝐴 initial additive volume Section 3

𝑉𝑇 SM-then-AM volume Section 3

𝑉𝑅 new reutilized volume, =𝑉𝑅 − 𝑉𝑇 Section 3

𝑉𝑆 new subtractive volume, =𝑉𝑆 +𝑉𝑇 Section 3

𝑉𝐴 new additive volume, =𝑉𝐴 +𝑉𝑇 Section 3

B initial printing base Section 3

C a set of clipping planes Section 3

𝑉 C𝑅 the reutilized volume resulting from clipping with C Section 4.1

B̃ initial initial printing base between𝑉𝑅 and𝑉𝐴 Section 4.1

𝑏𝑖 a connected component of B̃ Section 4.1

𝑀 the number of connected components of B̃ Section 4.1

𝑐̃𝑖 𝑗 a candidate clipping plane Section 4.1

𝑁 the number of candidate clipping planes Section 4.1

𝑛𝑖,𝑗 the normal of 𝑐̃𝑖 𝑗 Section 4.1

𝑝𝑖,𝑗 original point of 𝑐̃𝑖 𝑗 Section 4.1

𝑉 𝑖 𝑗
𝑇 SM-then-AM volume, clipped from𝑉𝑅 using 𝑐̃𝑖 𝑗 Section 4.1

𝑉 𝑖 𝑗
𝑅 new reutilized volume, =𝑉𝑅 − 𝑉 𝑖 𝑗

𝑇 Section 4.1

𝑉 𝑖 𝑗
𝐴 new additive volume, =𝑉𝐴 +𝑉 𝑖 𝑗

𝑇 Section 4.1

B̃𝑖 𝑗 new initial printing base between𝑉 𝑖 𝑗
𝑅 and𝑉 𝑖 𝑗

𝐴 Section 4.1

𝑠𝑖,𝑗 a sub-set of B̃ for 𝑐̃𝑖,𝑗 Section 4.1

𝑊𝑖,𝑗 a weight for 𝑐̃𝑖,𝑗 Section 4.1

𝑍𝑖,𝑗 a binary integer variable for 𝑐̃𝑖,𝑗 Section 4.1

𝑉 C𝑇 new SM-then-AM volume, =𝑉𝑅 − 𝑉 C𝑅 Section 4.2

𝑉 C𝐴 new additive volume, =𝑉𝐴 +𝑉 C𝑇 Section 4.2

𝑉 C𝑆 new subtractive volume, =𝑉𝑆 +𝑉 C𝑇 Section 4.2

𝐺𝑐𝑑 a collision dependency graph Section 4.2

C
𝐿 a set of local clipping planes Section 4.2

𝑐𝐿𝑖 a local clipping plane Section 4.2

𝑉 C
𝐿

𝑅 the reutilized volume resulting from clipping with C𝐿 Section 4.2

B COLLISION DEPENDENCY GRAPH CONSTRUCTION

Sampling. As illustrated in Figure 23 (a), we sample points within

three types of volumes (𝑉𝑆 , 𝑉𝐴 , 𝑉𝑅 ) for subsequent collision detec-

tion. Since the core algorithm focuses on obstructions caused by

𝑉𝑅 , uniform sampling is performed within 𝑉𝑅 by voxelizing it and

using the voxel centers as sampling points S𝑅 . This ensures that

any obstruction caused by the surface of the reutilized volume dur-

ing optimization is accounted for. In contrast, for 𝑉𝑆 and 𝑉𝐴 , we

perform uniform sampling solely on their surfaces using Poisson

disk sampling [Bridson 2007], as their outer surfaces fully enclose

the internal volume, ensuring that any internal point is accessible if

the entire surface is collision-free [Chen et al. 2020]. These surface

sampled points are denoted as S𝑆 and S𝐴 . We sample all points at

an interval of 2mm.

(a) (b) (c)

Fig. 23. Illustration of the collision dependency graph construction. (a): Sam-

ple points in the surface of𝑉𝑆 (blue) and𝑉𝐴 (purple). For𝑉𝑅 , sample points

within its volume (brown). (b): Perform collision detection to calculate the

SM and AM inaccessible points from the sampled points of𝑉𝑆 and𝑉𝐴 . The
red and dark blue points respectively represent the SM and AM inaccessible

points obscured by sampling points in𝑉𝑅 . Here we just demonstrate one

SM/AM direction. (c): Construct the collision dependency graph. If an inac-

cessible point is obscured by a sampled point of𝑉𝑅 in a certain direction,

add an edge to the graph, and use the bit-vector to represent the direction.

In the 2D case, we totally sample three directions: ↑, ←,→.

Collision detection and building graph. We then perform cutter/noz-

zle collision detection based on the sampling points to identify which

regions of 𝑉𝑆 and 𝑉𝐴 are inaccessible due to obstructions from 𝑉𝑅 .

Specifically, for each sampling point 𝑠𝑖 ∈ S𝑆/S𝐴 , we check whether

cutter/nozzle collides with any 𝑠 𝑗 ∈ S𝑅 along a given cutter/nozzle

direction 𝑑𝑘 ∈ 𝐷 , where 𝐷 are uniformly sampled within the upper

hemisphere. We classify 𝑠𝑖 ∈ S𝑆/S𝐴 as "inaccessible point", (marked

in red/blue in Figure 23 (b) if:

∀𝑑𝑘 ∈ 𝐷, ∃𝑠 𝑗 ∈ S𝑅, 𝑠 𝑗 ∩ 𝑐𝑢𝑡𝑡𝑒𝑟/𝑛𝑜𝑧𝑧𝑙𝑒 = ∅. (4)

Subsequently, we apply the method proposed in [Zhong et al. 2023b]

to construct a collision dependency graph (𝐺𝑐𝑑 ), which record the

collision information between 𝑠 𝑗 ∈ S𝑅 and inaccessible points. To

represent the cutter/nozzle collision directions, we use a bit-vector,

as shown in Figure 23 (c), where each bit represents a specific cut-

ter/nozzle direction.

It is worth noting that our method and [Zhong et al. 2023b] differ

completely in both formulation and overall methodology — [Zhong

et al. 2023b]’s approach relies on a single shape and minimizes ad-

ditive–subtractive switches. Methodologically, our two-stage frame-

work is entirely distinct from theirs, except that the second stage

adopts their graph-based method to evaluate global collision-free

constraints.

C IMPLEMENTATION DETAILS OF MCTS

We first introduce the structure of the Monte Carlo Tree: Each layer

represents a local clipping plane 𝑐𝐿𝑖 , with the number of layers equal

to |C𝐿 |. Each node contains a state and two values (left and right).

The state represents the normal and original point of 𝑐𝐿𝑖 , while the
left and right values correspond to the reward and the number of

selections, respectively. Figure 24 shows the (n+1)-th iteration of

the MCTS process. The four MCTS stages are as follows:

(1) Selection (Figure 24 (a)): From the root node in the tree, choose

the "most potential" leaf node that is not fully expanded, using the
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Fig. 24. Demonstration of MCTS for clipping planes poses modification.

(a)∼(e) show one complete iteration of MCTS. (a) Selection stage: select

the blue node by the UCB function, which represents a pose of the first

local clipping plane. (b) Expansion stage: expand the blue node, get the new

red node which represents a pose of second local clipping plane. (c), (d)

Simulation stage: randomly determine the pose of remaining local clipping

plane (brown), and calculate the 𝑉 C
𝐿

𝑅 . (e) Back-propagation stage: back-

propagation the reward "r" calculated by Equation 6 to the current expanded

node and its ancestor nodes.

Upper Confidence Bound (UCB) function:

UCB(𝑖) =
𝑄 (𝑖)
𝑁 (𝑖)

+
√
2 ·

𝑙𝑜𝑔(𝑇 )
𝑁 (𝑖)

, (5)

where 𝑄 (𝑖) and 𝑁 (𝑖) are the left and right values of node 𝑖 , respec-
tively, and 𝑇 is the total number of iterations. The reward 𝑄 (𝑖) is
the key term driving selection, designed to maximize the volume of

𝑉C
𝐿

𝑅 . The reward is defined as:

𝑄 (𝑖) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

0, if 𝑉C
𝐿

𝑅 violates collision-free constraints,

𝑉 C
𝐿

𝑅 −𝑉 C𝑅
𝑉𝑅−𝑉 C𝑅

, if 𝑉C
𝐿

𝑅 < 𝑉𝑚𝑎𝑥 ,

𝑉 C
𝐿

𝑅 −𝑉 C𝑅
𝑉𝑅−𝑉 C𝑅

·
(

𝑉 C
𝐿

𝑅
𝑉𝑚𝑎𝑥

)3
, otherwise.

(6)

Here, 𝑉𝑚𝑎𝑥 is the maximum volume of 𝑉C
𝐿

𝑅 across all simulations.

This formulation ensures that poses of C𝐿 resulting in larger 𝑉C
𝐿

𝑅
are favored.

(2) Expansion (Figure 24 (b)): Expand a child node for the selected

node, i.e., generate a new normal and original point for 𝑐𝐿𝑖+1. We

first randomly determine a normal and then offset 𝑐𝐿𝑖+1 along the

normal by a random distance to determine the original point.

(3) Simulation (Figure 24 (c,d)): Randomly determine the normals

and original points of 𝑐𝐿𝑖+2, .., 𝑐
𝐿
|C𝐿 | to quickly generate a candidate

𝑉C
𝐿

𝑅 through simulation. Then, we check whether𝑉C
𝐿

𝑅 satisfies both

collision-free constraints.

(4) Back-propagation (Figure 24 (e)): Update the left and right

values of the current expanded node and its ancestors: add the

reward to the left value and increment the right value by one.

D SETUP DETERMINATION

The coarse-to-fine evaluation is based on our two insights: 1) Al-

though a larger𝑉𝑅 does not guarantee a larger𝑉C𝑅 , it is often helpful

in achieving a larger 𝑉C𝑅 as it provides a better initial volume. 2)

When the lowest point of the initial printing base (along the vertical

direction) is positioned low, the feasible locations for the clipping

plane are severely constrained to avoid collisions with the fabrica-

tion base, leading to a smaller 𝑉C𝑅 . Conversely, initial printing base

with a higher lowest point are beneficial for increasing the volume

of 𝑉C𝑅 , as shown in the comparison in Figure 8 (a,b). We state the

details of setup determination below.

In the coarse stage, we uniformly sample 100 directions on the

Gaussian sphere, take the centroid of𝑀∗ as the center of rotation,
and rotate it by each direction separately. In addition, align the

bottom of the rotated𝑀∗ and𝑀 along the Z-axis (in the 3D scene),

and make their bottom centroids coincide. Then we score each

direction by the function as follows:

𝑆𝑐𝑜𝑟𝑒1 = 𝑤1 ·𝑉𝑜𝑙𝑢𝑚𝑒 (𝑉𝑅) +𝑤2 · 𝐴𝑟𝑒𝑎(T ), (7)

where𝐴𝑟𝑒𝑎(T ) is the sum of the areas of the triangle meshes in the

rotated𝑀∗ that satisfy 𝑛𝑓 ·𝑑𝑣 ≥ −𝑠𝑖𝑛(50°). Here, 𝑛𝑓 is the normal of

a triangle, and 𝑑𝑣 is the vertical direction. For the second term, since

both rotation and translation significantly affect the position of ini-

tial printing base, we do not use their positions directly as criteria. As

shown in the inset figure, when using the height of the printing base

as the second term,

an appropriate ro-

tation may be mis-

judged due to the in-

fluence of translation (the first and third cases). Instead, we adopt a

rough estimate as the second term, which encourages𝑀∗ to "stand

up" instead of "lie down", which is conducive to the initial printing

base being located at a high position. In all of our experiments, we

set the weight factors𝑤1 = 0.4,𝑤2 = 0.6.
In the fine-tuning stage, we pick the five highest-scoring𝑀∗ with

determined rotation from the coarse stage and translate them by the

distance 𝑑𝑡 = 𝑑𝑋/𝑌 ∗ 𝑠𝑡𝑒𝑝/10, where 𝑠𝑡𝑒𝑝 = {−2,−1, .., 2} along the

X and Y axes separately, and 𝑑𝑋/𝑌 indicates the size of𝑀∗ along the
X/Y axes. Then we score the position of𝑀∗ by another function:

𝑆𝑐𝑜𝑟𝑒2 = 𝑤1 ·𝑉𝑜𝑙𝑢𝑚𝑒 (𝑉𝑅) +𝑤2 · (
𝑀𝑖𝑛B
𝑀𝑎𝑥𝑉

+ (1−
𝐴𝑟𝑒𝑎(B)
𝐴𝑟𝑒𝑎(𝑀∗)

)2), (8)

where 𝑤1 and 𝑤2 are the same as those in Equation 7. 𝑀𝑖𝑛B and

𝑀𝑎𝑥𝑉 respectively denote the minimum Z-value of initial printing

base and the maximal Z-value of 𝑉𝑅 . Finally, we determine the

rotation and translation of𝑀∗ with the highest score.
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E THE PSEUDO-CODE

This section provides the pseudocode for our core algorithm (Sec.
4).

Algorithm 1 Reutilized volume maximization

1: Input: 𝑀 and 𝑀∗ with determined setup;

2: Output: The largest reutilized volume that satisfies both collision-free

constraints;

3: 𝑉𝑆 ← 𝑀 − 𝑀∗,𝑉𝐴 ← 𝑀∗ − 𝑀 ,𝑉𝑅 ← 𝑀 ∩𝑀∗

// The first stage: only consider plano-convex constraint

4: B ← all connected components from initial printing base;

5: for each 𝑏𝑖 of B do

6: for j = 0; j < 100; j++ do

7: Sample normal direction 𝑛 𝑗 on Gaussian sphere;

8: Generate candidate clipping plane 𝑐̃𝑖,𝑗 with normal 𝑛 𝑗 , which

intersects 𝑏𝑖 at the point closet to the fabrication base B;

9: for each 𝑏𝑘 ∈ B (𝑏𝑘 ≠ 𝑏𝑖 ) do
10: if 𝑏𝑘 and B are on opposite sides of 𝑐̃𝑖,𝑗 then
11: 𝑠𝑖,𝑗 ← {𝑏𝑘 , 𝑠𝑖,𝑗 };

12: Clip𝑉𝑅 by 𝑐̃𝑖,𝑗 , get the remaining volume𝑉 𝑖,𝑗
𝑅 ;

13: 𝑊𝑖,𝑗 ← 1 − 𝑉𝑜𝑙𝑢𝑚𝑒 (𝑉 𝑖,𝑗
𝑅 )/𝑉𝑜𝑙𝑢𝑚𝑒 (𝑉𝑅 ) ;

14: C← solutions by solving the integer linear program Eq. (2);

15: 𝑉 C𝑅 ← clip𝑉𝑅 by C;

// The second stage: consider both the plano-convex constraint and the

accessibility constraint

16: Graph𝐺𝑐𝑑 ← ∅;

17: Uniformly sample points S𝑆 and S𝐴 on the surface of𝑉𝑆 and𝑉𝐴 using

Poisson disk sampling;

18: Uniformly sample points S𝑅 within𝑉𝑅 by voxelization.

19: Uniformly sample S𝑆 ← 100 directions; S𝐴 ← 100 directions;

20: for each direction of S𝑆 and S𝐴 do

21: for each point of S𝑆 and S𝐴 do

22: Collision detection between the point and all S𝑅 ;

23: Update𝐺𝑐𝑑 by adding nodes and edges;

24: Add bit-vector for each edge;

25: Iteratively Offset all 𝑐𝑖 ∈ C with the step = 30% of the distance between

𝑐𝑖 and B until the accessibility constraint is satisfied;

26: SM-then-AM volume𝑉𝑇 = 𝑉𝑅 − 𝑉 C𝑅 ; C𝐿 ← ∅;

27: for each connected component of𝑉𝑇 do

28: Generate local cutting planes 𝑐𝐿𝑖 ;

29: C
𝐿 ← {C𝐿, 𝑐𝐿𝑖 };

30: for itr = 0; itr < 500; itr++ do

31: Choose the leaf node 𝑁𝑛
𝑖 from the root node by Eq. (4);

32: Add a child node 𝑁𝑚
𝑖+1 for 𝑁𝑛

𝑖 , set left and right values = 0;

33: Randomly determine the normal of 𝑐𝐿𝑖+1;

34: Offset 𝑐𝐿𝑖+1 along the normal direction with random distance;

35: Randomly determine the normal and origin of {𝑐𝐿𝑖+2, 𝑐
𝐿
𝑖+3, ..};

36: 𝑉 C
𝐿

𝑅 ← clip𝑉 C𝑅 by𝐶𝐿 ;

37: Update and check𝐺𝑐𝑑 according to𝑉 C
𝐿

𝑅 ;

38: if 𝑉 C
𝐿

𝑅 satisfy both collision-free constraints then

39: reward R ← Eq. (5);

40: else

41: R = 0;

42: Left values of 𝑁𝑚
𝑖+1 and its ancestor nodes += R;

43: Right values of 𝑁𝑚
𝑖+1 and its ancestor nodes += 1;

44: Take the largest𝑉 C
𝐿

𝑅 as the final reutilized volume.

F ASHM EQUIPMENT MODIFICATION

The ASHM equipment modified in [Zhong et al. 2023b] has an obvious

defect: it lacks a retraction function, leading to excessive stringing during

the AM process. To address this issue and improve surface quality in AM, we

enhanced the equipment by incorporating a retraction module. Specifically,

we modified the I/O module circuit hardware of the 5-axis CNC machine to

enable communication with external attached modules. An Arduino UNO

R3 microcontroller board was used to process signals between the CNC

machine and the added additive extruder. The extruder is instructed by the

controller of the 5-axis subtractive machine through G-code commands. We

defined custom G-code commands for precise control:

• M70/M71: Open and close the extruder module.

• M72/M73: Enable and disable extrusion movement.

• M74/M75: Enable and disable retraction movement.
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